We study gluonic excitations inside a Bc meson in the constituent gluon model, treating a bottomcharm hybrid meson cbg as a three-body system. We obtain the mass spectra for the hybrid mesons with magnetic gluon and electric gluon and see that their lowest states appear above the DB threshold. Also, we consider the decays of the low-lying states of the hybrid meson into DBs mesons, developing an existing model for the strong decays. We estimate their partial decay widths and find that the widths have a heavy dependence on the final meson states. We argue that the accuracy of our model will be tested experimentally when the branching ratios of the decays are measured. Our results suggest that there could be a prospect that the hybrid meson will be discovered as its first excited state rather than its lowest state.
I. INTRODUCTION
It has been argued for a long time that the experimental verification of exotic hadrons will have far-reaching implications for quantum chromodynamics (QCD), not just because it will give the quantum field theory of the strong interaction another credit for the theory's accuracy, but because it will make QCD researchers search for nonperturbative properties of the theory with renewed enthusiasm. While it is still difficult to experimentally confirm the existence of exotic hadrons, indirect evidence of it has been accumulating gradually. After the dark ages of exotic hadron research, it finally blossomed into a growth area of research by virtue of the discovery of X(3872) at Belle in 2003 [1] . The event has been described as a milestone in exotic hadron research; in fact, dozens of exotic hadron candidates have been discovered.
In particular, it is widely known that ψ(4260) [2] aka Y(4260) has been a high-profile exotic meson candidate since it was discovered in 2005 [3] . The question on the constituents of ψ(4260) has been considered from many different angles: a hadrocharmonium [4] , aDD 1 (2420) molecule [5] , a tetraquark, a diquark-antidiquark bound state (diquarkonium) [cq] [cq ] [6] , and a hybrid meson ccg [7] . Although the discussions about ψ(4260) have not been concluded yet, it has been suggested that the particle might be a multi-quark meson or a hybrid quarkonium [8] .
ψ(4260) is not the only one which has been considered to be a hybrid meson candidate. For instance, φ(2170) has been regarded as a candidate for a strangeonium [9] , and there could be a possibility that ψ(4360) is a hybrid charmonium [10] . It is noteworthy that the decays of ψ(4260) into DD have not been observed yet, despite the fact the particle sits above the DD threshold; this observational fact suggests that it might be a magnetic gluon hybrid [7] . Likewise, it could be reasonable to expect that ψ(2170) and ψ(4360) might be magnetic gluon quarkonia.
Still, confirming the existence of a hybrid quarkonium is experimentally challenging; the degrees of freedom of a gluon in an ordinary quarkonium are integrated out (and accordingly appear as a potential between two quarks), which makes it difficult to measure gluonic excitations inside the particle. Having said that, the discoveries of hybrid quarkonium candidates have provided useful insights into gluonic excitations inside a quarkonium. In parallel with this, several models have been proposed so far to interpret gluonic excitations inside a meson: the flux tube model [11] , the MIT bag model [12] , the quark confining string model [13] , and the constituent gluon model [14, 15] . In the constituent gluon model, a massless J P = 1 − gluon is assumed to interact with quarks via potentials.
From a wider perspective, a quarkonium is not the only hadron inside which gluonic excitations could appear, given that it is theoretically possible that the phenomena could emerge in other heavy hadrons such as B ± c and Ω ++ ccc . The purpose of the present study is to expand our horizons by casting light on gluonic excitations inside a B ± c ; and thus, we hereafter stick to gluonic excitations inside B ± c . On the experimental side, there has been no direct evidence that a bottom-charm hybrid meson cbg could exist, in part because detecting the particle is technically more difficult than detecting a hybrid quarkonium. On the theoretical side, we note that this novel particle has not yet been studied extensively. As earlier theoretical studies, we refer to the QCD sum rule analysis and the constituent gluon model. The former showed that several different states of a cbg could exist in the mass range of 6.6 to 8.7 GeV [16] . In the latter, the mass spectra and the radiative transition widths of the hybrid meson were calculated under the Born-Oppenheimer approximation, which indicated that the lowest states of a cbg appeared in the mass range of 7.4 to 7.6 GeV [17] .
In the present paper, we adopt the constituent gluon model to discuss whether gluonic excitations could appear inside a B c meson, considering the mass spectra of a cbg. We treat a cbg as a three-body system, allowing quarks to move, in contrast to the treatment in Ref. [17] where the distance between charm and antibottom quarks in a cbg was fixed. We also discuss the strong decays of a cbg into D ( * ) B ( * ) mesons or D ( * ) s B ( * ) s mesons. As far as we know, the decay widths for these processes are estimated for the first time. We use the notation D ( * ) to express D or D * , and similarly B ( * ) for B or B * as well as for D ( * ) s and B ( * ) s . It seems to be reasonable that we focus on J P = 1 − ; and it is straightforward to apply the present framework to other quantum numbers.
This paper is organized as follows. Section 2 explains our model setting for hybrid mesons, introduces the auxiliary field method for solving the system, and provides the framework of calculating the decay widths for the processes
s . Section 3 presents the results of our numerical calculations and discusses the implications of them. The final section is devoted to our concluding remarks.
II. FRAMEWORKS FOR HYBRID MESONS

A. Constituent gluon model for a cbg
The basic framework of the constituent gluon model for a hybrid meson qqg (where q is a quark) was developed in earlier research [18] [19] [20] . Following their lead, and assuming that we can apply the formalism tog (where q and q are quarks with different flavors), we use a Salpeter-type free Hamiltonian H 0 and a potential V for the constituent particles q, q , and g in a cbg. In relation to this formalism, we use the following physical quantities: the mass m c and momentum p c of a charm quark (c), the mass mb and momentum pb of an antibottom quark (b), the momentum p g of a constituent gluon (g), the c-g distance r cg , theb-g distance rb g , and the c-b distance r cb . Using these quantities, we write H 0 and V as follows:
where σ is the string tension for the color confinement and V C is a color-Coulomb potential which is given by
with the strong coupling constant α s . Here the Casimir factors are taken into account:
where λ i (i = c,b, g) is the Gell-Mann matrix in color acting for c,b, and g, and the angle brackets mean the expectation value. Then, we have the total Hamiltonian:
Once the color-Coulomb potential is introduced, an analytical approach has no longer its advantage over numerical ones. We therefore need to solve the system numerically, but dealing with the (massless) constituent gluon and the Salpeter-type Hamiltonian numerically is difficult. Even if we resolve this problem, there still remains a quantization issue. To address these issues, we use the auxiliary field method. In the present case, employing the method developed in Ref. [21] , we introduce the auxiliary fields, µ c , µb, and µ g for c,b, and g, respectively, in order to rewrite the free Hamiltonian (1) as follows:
where k x , k y , µ x , and µ y are defined by
We then solve the Schrödinger-type equations for a hybrid meson:
where Ψ is the wave function for the whole system. In theory, the auxiliary fields are dynamical variables, while in practical calculations we regard them as real numbers in terms of a variational calculation [21] . It is known that, under this framework, a calculated value contains roughly a 7 percent numerical error at the maximum [21] . As a numerical method for solving Eq. (8), we mention that we use the hyperspherical formalism [22] ; the framework is explained in more detail in [23, 24] . In order to test the validity of our model, we consider the mass spectrum of a B c (cb) meson in Appendix A, where our results are shown together with experimental data. mesons. In the formalism in Refs. [25, 26] , the wave functions for both initial and final hadron states were represented by Gaussian-type functions. In our case, on the other hand, the initial wave function for a hybrid meson is given as the solution to the three-body equations (8) , and the final wave functions are expressed by the Gaussian-type ones. Under this model, the decay processes are formulated in a non-relativistic manner; this can be suitable for heavy mesons. Also, for later convenience we emphasize that a subscript q stands for a light quark (u, d, or s) in this subsection.
We enter into the explanation by defining the relevant relative momenta: P cq is the relative momentum between c andq; similarly Pb q is the relative momentum betweenb and q, and Pis the relative momentum between q and q. Alongside the relative momenta, p q and pq are the momenta of q andq, respectively. Using these momenta, we express the relative momenta as follows:
where
Next, in terms of the decay of a hybrid (signified by a subscript H) into D ( * ) and B ( * ) mesons, the formula of the decay width is given by
where E D ( * ) and E B ( * ) are the energies of D ( * ) and B ( * ) mesons, respectively. m H is the mass of a hybrid meson. We also mention that f H→D ( * ) B ( * ) is the decay amplitude. The amplitude is written as
where Ω, φ, X, I, and W are the color part, the isospin part, the spin part, the overlap function, and the Clebsch-Gordan part, respectively [25] . The overlap function is defined by
where Ω f is the angular part of P f . ω is the energy of the constituent gluon; and in Section III B, we explain how to determine the value of ω. HereΨ is the momentum space representation of the initial wave function Ψ derived from solving the equation (8) . ψ D ( * ) and ψ B ( * ) are the wave functions of D ( * ) and B ( * ) mesons, respectively. As mentioned earlier, they are Gaussian-type functions:
where L D ( * ) and L B ( * ) are the orbital angular momenta of D ( * ) and B ( * ) mesons, respectively. Similarly, M L D ( * ) and M L B ( * ) are their projections onto the z-axis. Here, R cq and Rb q are the Gaussian-type function's length parameters for the distance between c andq in D ( * ) and the distance betweenb and q in B ( * ) , respectively. Their values will be set in the next section. After considering the above set-up, we focus on the calculation of the decay amplitude in Eq. (12); and to do so, we need to calculate the overlap function (14) which contains multiple-integral for the momenta. Fortunately, we can decrease the dimension of the integral by going into detail about the exponential part of the function and integrating analytically with regard to the azimuthal angle φ g of k g . Hence, in the following, we describe the analytic expression of the integration with regard to φ g . First, the squares of P cq and Pb q are expressed by
where θ qqg is the angle between Pand k g . Specifically, it is expressed as cos θ qqg = sin θcos φsin θ g cos φ g + sin θsin φsin θ g sin φ g + cos θcos θ g ,
where (θ, φ) and (θ g , φ g ) are the angles in the spherical coordinates of Pand k g , respectively. We note that here we choose the unit vector of P f as the zero degrees of the angular integration of k g . Second, we perform the integration with regard to φ g . To do so, we write down the relevant part of the integrand:
Taking advantage of the formula relating to a modified Bessel function of the first kind I 0 2π 0 e u cos φg+v sin φg dφ g = 2πI 0 (
where u and v are the functions parameterized as the coefficients of cos φ g and sin φ g , respectively, in Eq. (19), we integrate with regard to φ g . This yields 2π 0 dφ g exp Pk g R 2
As a result, the overlap function (14) reduces to
Thus we see that the dimension of the original integration is decreased to seven. The above procedure freshly minted in the present research is helpful in reducing the numerical cost.
III. NUMERICAL RESULTS
A. Mass spectra of a cbg
Now we conduct numerical calculations in terms of a cbg. First of all, we consider the internal structure relating to the quantum number J P = 1 − for the hybrid meson within the selection rules. The internal states of the hybrid meson are categorized according to the type of a constituent gluon [15] ; it is either electric or magnetic. Table I shows the possible low-lying states of a cbg, where E and M in the gluon column stand for the electric gluon and the magnetic gluon, respectively. We consider the lowest angular momenta only for each state. Strictly speaking, we also need to take account of higher states which are coupled to the low-lying states. The present procedure is a good approximation, because higher states should be suppressed as far as the states with lower energy are concerned. TABLE I. Low-lying states for a cbg. In the first column, E and M mean the electric gluon and magnetic gluon, respectively. In the second column, L cb is the relative orbital angular momentum between c andb. In the third column, Lg is the orbital angular momentum of g relative to the center-of-mass of cb. In the fourth column, Ltot is the sum of L cb and Lg. Meanwhile, S cb , Sg, and Stot are the total spin of c andb, the spin of g, and the total spin, respectively. Also, J P C cb is the total angular momentum of the c-b subsystem, and J P g is the total angular momentum of g.
Gluon L cb Lg Ltot S cb Sg Stot J P cb J P g J P E 1 0 1 1 1 0, 1, 2 (0, 1, 2)
Then, we determine the masses and the wave functions of the hybrid mesons with magnetic and electric gluon in the Hamiltonian (8) by using the auxiliary field method. The relevant parameters in the Hamiltonian are summarized in Table II ; these parameter sets are taken from earlier studies where the relevant parameters were fitted into the experimental data about the mass spectra of a charmonium (cc) as well as a botomonium (bb) [20, 22, 27] . We also carry out the calculations in terms of the mass spectrum of a B c meson and confirm that the present framework provides a relatively fair description of the particle, as is seen in Appendix A.
Within the auxiliary field framework, we perform the variational calculations to minimize the energy of a cbg by changing µ c , µb, and µ g . We show the results of the calculations in Figure 1 , where we can see that the local minimum values appear. We find that the lowest state is the electric gluon hybrid with a mass of about 7.48 GeV, which is in line with earlier research [17] .
After calculating the masses for the lowest and the excited states, we show the mass spectra of magnetic and electric cbg hybrids in Figure 2 . We see from the figure that the states of a magnetic gluon hybrid are generally higher than those of an electric gluon hybrid, and that both of them appear above the DB threshold (∼ 7.15 GeV). This result is consistent with earlier studies where the masses of a ccg and a bbg were obtained [20, 22] . 1. The demonstration of the variational calculation of a hybrid meson cbg as functions of µc, µ b , and µg. The left graph is for the magnetic gluon case, whereas the right is for the electric case. The unit of the energies in the bars is GeV.
B. Decay widths
We then move on to estimate the decay widths for the processes of a cbg into D ( * ) B ( * ) and D Table III , where the values in parentheses mean the values for the cases where a strange quark involves. We note that here µ i is the reduced mass of a D or a B meson. They are expressed as µ D = µ D * = mcmq mc+mq and µ B = µ B * = mbmq mb+mq , where the reduced mass (as a "static" variable) for D is identical to that of D * , and similarly for B and B * . In the present study, we have µ D = 0.283 GeV (µ Ds = 0.373 GeV) and µ B = 0.327 GeV (µ Bs = 0.454 GeV), because we choose 350 MeV for the mass of u and d quarks and 500 MeV for an s quark [25, 26] . When it comes to ω D , it is the roughly averaged energy difference between a D meson's ground state and its first excited state (D 0 (2400) 0 and D s1 (2460) ± ); and for ω B , the first excited state is B 1 (5721) 1 . In addition, R i is connected to these variables via R 2 i = 1 ωiµi [25] . In parallel with determining these variables, we need to estimate the gluon energy ω in the overlap function (14) . Recognizing that basically this is related to the effective mass of a gluon in the auxiliary field method, we use the effective gluon mass µ g (= 0.84 GeV) for ω in the present calculation 2 . Channel Now, we calculate the decay widths for relevant channels. Using shorthand notations, we consider the following channels: Table IV . As to the decays from the lowest state of a cbg, the calculated widths exceed 0.6 GeV for J cb = 0, 1, and 2. This suggests that it seems unlikely that this state can be experimentally confirmed. When it comes to the decays from the first excited state of a cbg, the calculated widths are in the range of 150 MeV to 250 MeV. It seems that it could still be difficult to detect the decay signals for these channels; but there is a fighting chance that a cbg will be observed as its first excited state.
Also, it turns out that the decay widths have a heavy dependence on the choice of the final states, DB, D * B, DB * , D * B * , D + s B 0 s , and D + s B * s . The differences, which arise partly from the combinatorial factor of the internal spins and the limitation of the available phase space, should be reflected in the branching ratios when they are experimentally measured in the future. Hence, we expect that the validity of our hybrid model will be assessed by further experiments, on the basis of not only the absolute values of the decay widths but also the branching ratios.
It is worth mentioning the uncertainty of the obtained decay widths. In the present study, we set α s = 0.55 to obtain the mass spectra of a cbg; we use the same α s in calculating the decay widths. However, actual α s for the decays into D ( * ) B ( * ) or D can be smaller than 0.55. This fact allows us to argue that actual decay widths can be smaller than the values which are presented in Table IV . We comment that the branching ratios are unaffected by the uncertainty of α s in the present framework.
IV. CONCLUSION
We study a bottom-charm hybrid meson cbg in the constituent gluon model, considering its mass spectra and decays into D ( * ) B ( * ) mesons and D ( * ) s B ( * ) s mesons. We obtain the mass spectra for magnetic gluon and electric gluon hybrids. For a magnetic gluon hybrid, the lowest state appears at around 8 GeV, while for an electric gluon hybrid, the lowest state appears at around 7.5 GeV. We find that the states for a magnetic gluon hybrid are higher than those for an electric gluon hybrid and that both of them sit above the DB threshold. These results are in line with earlier research. Also, we estimate the decay widths of the relevant D ( * ) B ( * ) and D ( * ) s B ( * ) s channels. For the decays of the lowest state of a cbg, the obtained widths seem large to the extent that it could be experimentally difficult to confirm the state. For those of the first excited state, although the calculated widths are still large, there could be a prospect that a cbg will be detected as its first excited state in the future.
As part of future work, we mention that higher multi-channel effects for the spectra of a hybrid and loop effects for the decays will be studied. We also mention that the other quantum numbers such as J P = 0 ± will be considered. Exploring the possibility that there could exist other types of hybrid mesons such as scg and sbg might generate discussions about flavor dependence in the hybrid mesons. Moreover, it will be worthwhile to consider gluonic excitations not just in heavy mesons but in heavy baryons such as Ω ++ ccc . We hope that experimental research projects will be set up in order to search for these hybrid mesons and baryons and that related experiments will be carried out at high energy beam facilities such as the LHC in the future. potentials explicitly as follows: 
where we set σ = 0.16 GeV 2 and α s = 0.55 as we used them for a cbg. We note that we do not consider the S-D mixing, and thus the tensor term does not affect the results. When it comes to the V SS , we substitute the following exponential function for the delta function of the spin-spin term [28] :
where Λ is set to 3.5 fm −1 [28] . We set m c = 1.48 GeV and mb = 5.00 GeV as the same values in the calculation for a cbg. These values are fitted to the mass spectra of a charmonium and a bottomonium; for further fittings, fine-tuning can be necessary. At these parameter settings, we calculate the ground state of a B c . The result of the variational calculations is shown in Figure 3 , where we see that the ground state (∼ 6.34 GeV) exists (at ν c = 1.93 GeV and ν b = 5.14 GeV). The calculated ground state energy fairly agrees with the experimental data (M Bc ∼ 6.27 GeV) [2] . Meanwhile, the calculated energy of the 2S state is about 7.01 GeV; this appears about 0.17 GeV above the experimental data (M Bc (2S) ∼ 6.84 GeV). Thus, we confirm that the Salpeter-type Hamiltonian and the auxiliary field method provide a relatively fair description of a B c meson. The parameter settings are as follows: mc = 1.48 GeV, mb = 5.00 GeV, αs = 0.55, and σ = 0.16GeV 2 . The unit of the values for the colorbar is GeV. We also mention that MB c = 6274.9 ± 0.8 MeV [2] .
